The functor Tor is related to some classes of C λ groups, notably the IT groups, and when λ = Ω the C Ω groups of balanced projective dimensions 1. Separate necessary and sufficient conditions are given for Tor (G, H) to be a d.s. c. group when G and H are Cχ groups. Some generalizations of the fact that balanced subgroups of G and H determine balanced subgroups of Tor(G, H) are presented.
In the second section we concentrate mainly on Q groups. Our main result shows that this class is preserved by the Tor functor. We also consider the class of CQ groups which are unions of Ω-high towers (essentially introduced in [6] ) and prove that the isotype subgroups of d.s.c. groups are summands of groups which belong to this class.
In the third section we use some standard "back-and-forth" techniques to give some necessary conditions and other sufficient conditions for Tor(G, H) to be a d.s.c. group. In particular, it is shown that if G and H are reduced CQ groups of length Ω and balanced projective dimension 1, then Ύor(G,H) is a d.s.c. group.
1. We begin this section by reviewing some standard facts on the functor Tor. If K and L are subgroups of X and Y respectively then there is a natural embedding of Tor (K, L) in Tor(X, Y). We will therefore view Ύor(K, L) as a subgroup of Tor(J£ Y). In general, any map which is not specifically defined is induced by some obvious inclusion or projection.
The following are results of Nunke [12] . 
-Tor(iζ Y) -+ Tor(* Y) -+ Ίor{X/K, Y) -> is also pure exact
The following also appears in [13] . COROLLARY 
If K and L are isotype subgroups ofX and Y respectively then Tor{K, L) is an isotype subgroup of Tor(X, Y).
Proof. Follows from (a) and (b) above.
If G is a group we denote the length of G by /(G), and if a is an ordinal, we let G(ά) = {g eG: ht(g) > a}.
IfO-•v4-^>2?-•C-•Oisa short exact sequence and the image of φ has some property as a subgroup of B we shall also say the short exact sequence has this property.
If λ is an ordinal a subgroup A of B is called λ-isotype if for every α<2we have AΓ\B(a) = A(a).
Observe that if λ is a limit ordinal we get this condition for free at a = λ. We say A is λ-nice if for every a < λ we have (B/A)(a) = {i?(α) + -4}/^, and λ-balanced if it is both λ-isotype and λ-nice.
Recall that a subgroup AT of a group X is said to be a-pure if the corresponding short exact sequence is in Ext(X/K,K)(a). In particular, an α-high subgroup of X is a + 1-pure. If λ is a limit ordinal, then a λ-pure subgroup is λ-balanced. On several occasions in this paper we could use either notion equally well. The use of λ-balanced subgroups emphasizes the combinatorial nature of the arguments, so we prefer this approach.
The following will be useful in deriving properties of some exact sequences: LEMMA 
Suppose λ is a limit ordinal and we are given a long exact sequence 0^ W-+X 4+Y-+Z-+0
and for every ordinal a < λ this induces an exact sequence we can conclude that M n Y(ά) c φ(X(a)) and so we have,
If we denote the image of φ by M, then the sequence
0 -> W -> X -> M -> 0 w λ-balanced,
φ(X(ά)) = M(a) = MΠ Y(a).
The second equality immediately implies that M is a /l-isotype subgroup of 7, and the first equality implies that for every ordinal a < λ, the sequence,
is exact, which means the first sequence is λ-balanced. In order to use the above result we prove the following: 
Proof. These are standard exact sequences resulting from diagram chasing in the commutative diagram where the right exactness of the rows and columns follows from Lemma l(c).
It should be noted that the maps in Lemma 3 are induced either by the corresponding inclusions and projections or are the diagonal or codiagonal maps associated with them (with a possible change in the sign of one factor to make the sequence exact). THEOREM 1. Suppose λ is a limit ordinal and K and L are λ-balanced subgroups ofX and Y. Denote the image of a in Lemma 3 by P. Then
Proof. If a < λ is an ordinal then K(ά) and L(α) are pure subgroups of X(a) and Γ(α), so there is a four term exact sequence
Since for all a < λ we have
{X(a)+K}/K = (X/K)(a) and {Y(a) + L}/L = (Y/L){a
we have,
So for every a < λ there is an exact sequence
So by Lemma 2 the sequence (1) is A-balanced and sequence (2) is λ-isotype. Since this last map is also surjective for all a < λ, the sequence (2) is also Λ-balanced. Proof. Clearly K and L are λ-balanced for every limit ordinal λ, hence so are the sequences in Theorem 1.
We say a subgroup K of X is λ-dense if for all a < λ we have X = X(ά) + K. Clearly a λ-dense subgroup is λ-nice. Proof. In the proof of Theorem 1, if for every a < λ we have
is surjective. This gives that P is Λ-dense. 
is λ-balanced and
Proof. For every a < λ, K{ά) and L(a) are pure subgroups of X(a) and Y(a). So there is a long exact sequence,
So the following is exact,
and so by Lemma 2, we are done. Proof. This is clear from examining the proof of Theorem 2.
If A is a limit ordinal, then we say a subgroup A of a group G is λ-immediate if it is A-isotype and for every a < λ, the group 
Ύoτ({X(a) + K}/K, {Y(a) + L}/L)
is divisible and Q is a /l-immediate subgroup.
We pause now for the following simple lemma. Proof. In (a), X(a) is mapped injectively iff K n X{a) = 0, and the image is essential iff K is maximal with respect to this property. As
Due to the importance of /ί-high subgroups in the study of the Tor functor, the following is perhaps of interest. 
Ύor({X(λ) + K}/K, {Y(λ) + L}/L) is an essential subgroup of Ύov(X/K, Y/L). So the result follows from Lemma 4(a).
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The converse of Theorem 3 is not valid. In fact, if
The following is an elementary result, but because of its generality it is perhaps somewhat surprising. THEOREM 
4.I/K and L are arbitrary subgroups of X and Y then
Proof. Identifying Ίoτ(K, L) with its image using the diagonal map, the following is easily checked:
In [8] it was shown that if G and H are totally projective groups of length strictly greater than Ω, then Toτ(G, H) is not totally projective. In our next result we observe that if we broaden the category of groups considered we can get a more satisfying result. Recall that an IT group is a group which can be embedded as an isotype subgroup of a totally projective group. We have then: COROLLARY 
IfX and Y are IT groups, then so is Tor(X, Y).
Proof. Suppose X and Y are isotype subgroups of the totally projective groups G and H, and let D and D 1 denote injective hulls of G and H. Then Tor(X, Y) is an isotype subgroup of Tor(G, H), and Tor(G, H) is an isotype subgroup of
which proves the result.
We conclude this section with one more generalization of the fact that balanced subgroups of X and Y yield balanced subgroups of Tor(X, Y). We first state the following easy lemma whose proof is left to the reader: LEMMA 
Suppose n is a positive integer, 0->A-^B^C-+0is p n -pure and H is a p n -bounded group, then the sequence
0 -> Tor(Λ H) -> Ίor{B, H) -> Tor(C #)->() splits.
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LEMMA 6. Suppose a is an ordinal 0->A-+B^C-+0isa-balanced and H is a group with H(a)
Proof. Suppose a = A + n where A is a limit ordinal and n is a non-negative integer. If β < A, then As a consequence of the last result, observe that if X and Y are reduced and K is a balanced subgroup of X, then for us to know that Tor(#, L) is a balanced subgroup of Tor(X, Γ), all we need to know is that L is a 1{K)-balanced subgroup of X.
2. We begin this section by reviewing and developing some facts about Q groups.
The following result of Hill [4] is pivotal:
THEOREM 6. IfK is an isotype subgroup of a totally project ive group and l(K) is countable then K is a d.s.c. group.
We note the following consequences of Theorem 6. LEMMA 7. Ifλ < Ω is a limit ordinal, X is a C λ group and K is an isotype subgroup ofX, then,
Proof. If a is an ordinal then K/K(a) can be viewed as an isotype subgroup of X/X(a). The result is therefore clear.
A useful notion in the study of Q groups is that of a λ-high tower which is defined as an ascending chain of α-high subgroups for a < λ. The following elementary fact is well known (see, for example, [6, Lemma 1] Proof. Necessity follows immediately from Lemma 7(b). Conversely, if for every a < λ there is an α-high subgroup of X which is a d.s.c. group, then using Theorem 7 we can construct a λ-high tower {K a : a < Ω} of X consisting of d.s.c. groups. To show X is a Q group, let β < λ. Define K as follows: if λ < Ω let K = and if λ = Ω let K = Kβ +ω . In either case the group K will be a d.s.c. group (in the first case use [9, Cor. 1] ) which is isotype in X and satisfies K + X(β) = X. Therefore,
The following is a theorem of Nunke [12] . THEOREM Proof. This follows from the last two results noting that X can be expressed as a direct sum of countable groups of length less than λ.
Observe that a Q group of length less than λ is a d.s.c. group. We shall call a Q group G proper if l(G) > λ. THEOREM If λ was a limit ordinal greater than Ω one could define a group G to be a Cχ if for each a < λ the quotient G/G(a) is totally projective. As in the case of total projectivity, we now show that Theorem 10 does not extend to limit ordinals λ greater than Ω. Proof. To derive a contradiction we assume that X and Y are reduced groups for which Tor(X, Y) is a proper Q group. Replacing X by a direct sum of copies of X in no way affects the fact that Ύoτ{X f Y) is a proper Q, so we may assume that X and similarly Y have the property that each of their non-zero Ulm invariants have cardinality at least \t\. Let n be a positive integer such that the Ω + nth Ulm invariant of X is non-zero, and T\ be a totally projective group of cardinality Ni and length Ω + n with the property that T\ has a non-zero Ulm invariant at an ordinal a if and only if the same can be said of X. Clearly the totally projective groups X/X(Ω + n) and {X Θ T { }/{X θ T { }(Ω + n) = X/X{Ω + n)®T x are isomorphic, which implies that X is isomorphic to X Θ T\, so we can view T\ as a summand of X. Similarly we can find a totally projective summand T 2 of Y of length Ω + m for some positive integer m. We may clearly assume n <m.
Observe that Tor(Γi, T 2 ) is isomorphic to a summand of
Ίoτ{X, Y)/Ύoτ(X, Γ)(Ω + m),
which is totally projective. Therefore Tor(Γi, T 2 ) must be totally projective and this contradiction proves the result.
Let !T denote the class of CQ groups which are the union of some Ω-high tower of subgroups. It is clear that &" is closed with respect to direct sums. By [6, Theorem 6] , if G is a reduced CQ group of length Ω and cardinality < Ni then G is in y. Let 3^ denote the class of groups which are summands of groups in y. It is not clear whether a group in ZΓ S is actually in ZΓ.
We have the following consequence of [6, Lemma 3] . THEOREM 
Let G and H be members of&~s. Then Tor(G, H) is a d.s.c. group.
Proof. Clearly Tor((7, H) is a summand of a d.s.c. group so it is a d.s.c. group itself.
We will use extensively the following special case [6, Theorem 6] : COROLLARY 
9.I/G and H are CQ groups of cardinality at most Ni and G(Ω) = H(Ω) = 0 then Tor(G, H) is a d.s.c. group.
We note the following consequence of Theorem 3. COROLLARY 
IfG is a member of ZΓ (resp. Ή) and H is a CQ group then Tor(G, H) is also a member ofF (resp.
Recall that a group is summable if its socle is a free valued vector space when its values are those induced by the height function. When λ is a countable limit ordinal a Q group of length λ is a d.s.c. group if and only if it is summable. Examples show that this does not generalize to CQ groups. We have though, THEOREM We make use of this result in the following:
Suppose G is a reduced group. IfG is a summable CQ group then G is in ZΓ. In fact, G is a summable CQ group if and only if G is the union of an Ω-high tower A a , a < Ω, ofa-high subgroups that are d.s.c. groups, and which is continuous in the sense that whenever a is a limit ordinal, we have
Proof. Suppose G is an isotype subgroup of the totally projective group X. Since G can also be viewed as an isotype subgroup of X/X(Ω) we may assume X is a d.s.c. group. Let A a , for a < Ω, denote an Ω-high tower of G, and let A = \J a <Ω A <*-Observe A is also an isotype subgroup of X so clearly A is in ^. Note by Lemma 8, G/A is divisible and for all g+A e G/A we have c(g+A) = Ω. This implies that there is an isomorphism of c-valuated groups X/A = X/G Θ G/A. It is also clear that there is an S-group M which is an Ω-pure subgroup of a d.s.c. group H, for which there is an isomorphism of c-valuated groups, H/M = G/A. Therefore, as c-valuated groups there are isomorphisms,
(X Θ H)/(A ®H) = X/A £ X/G Θ G/A = X/G Θ H/M
and so by Theorem 14 we have G®M = A@H. Since A@H is clearly in c^, we are done.
3. In this section we extend some of the previous results. The techniques employed are similar to those of [5] .
By a λ-balanced tower of a group G we mean an ascending chain of λ-balanced subgroups A^ which we assume are indexed by some segment [0, γ] of the ordinals, such that A o = 0, A γ = G and for every limit ordinal a we have A a = Uβ <a Aβ. It is readily checked that if i < j then A x^ is a A-balanced subgroup of Aj. If γ is a limit ordinal and \Ai\ < \G\ for each / < γ we will say it is proper. If A\ = G for all / > 0 we say the tower is trivial. By simply repeating G we may extend a λ-balanced tower to any ordinal we want (though of course it will not remain proper Proof. Let A 1 /A be denoted by C For each non-zero c e C, let {fo Gc:/G/ C }bea collection with \I C \ < \λ\ such that for every there is a g c>i such that ht G (g cJ ) > ht G (g) . Let K be a subgroup of G containing each g Cth such that and such that for all g c j we have
htκ(gcj) = ht G (g cJ ).
Let A o = A 1 and A\ = A + K. Then it is easily checked that for all g G A o , that ht Aι (g) = ht G (g). If we use the same construction to produce A n+ \ from A n , then A 11 = \J n<ω A n will have the required properties.
The same sort of repeated building of extensions will prove the following: Observe that the groups A and A" in the last result are actually /l-nice in G since for every a < λ Proof. As for (a), note that there are subsets /" of / and a chain of subgroups A n and B n starting at A and B also of cardinality at most m such that, We wish now to turn to some necessary conditions for Tor(G, H) to be a d. Proof. If we let {^4/} denote the trivial ^-balanced tower of G then sufficiency follows from Theorem 16.
As to necessity, if a is the smallest ordinal of cardinality \H\ 9 and we index H using the ordinals β < α, then using a standard "backand-forth" argument with Lemmas 9, 10 and 1 l(b), we can construct a A-balanced tower {B if i < a} such that for all / < a we have, (ii) Tor(G, Bj) is the direct sum of a subcollection of the terms in a fixed decomposition of Ύoτ(G, /f), (iii) \B M /Bi\ < \G\ 9 (iv) \Bi\ < \H\ 9 which gives the result.
We observe the following consequence of the last result. Recall that using the category of balanced exact sequences, we can refer to the balanced projective dimension of a group (see [2] ). Denote by ^i the class of reduced CQ groups, of length at most Ω, whose balanced projective dimension is at most 1.
We denote by MQ the standard 5-group which is an Ω-pure subgroup of the "generalized Prufer group" HQ with HQ/MQ = Z p oo. is countable then by our choice of k, Ai+ι will also be a d.s.c. group and hence so will Tor(i4, +i, iϊ, +i/2?, ). If λ = Ω, then A\ is complete in its Ω-adic topology (see [10] ), so l{Ai+\/Ai) < Ω, and since Ύor(Ai+χ/A it Bi) is a d.s.c. group, A i+ χ/Ai is a Cςi group. So once again by Corollary 11, Tor(Ai+\/Ai, B i+ \) is a d.s.c. group. This concludes the proof.
We conclude with the following somewhat interesting result. 
